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Abstract. By results of Loffler and Comezana, the Pontrjagin-Thom 
map from geometric G-equivariant bordism to homotopy theoretic equi- 
variant bordism is injective for compact abehan G. If G = S*^ x . . . x S*^, 
we prove that the associated fixed point square is a pull back square, thus 
confirming a recent conjecture of Sinha 1 22 1 . This is used in order to de- 
termine the image of the Pontrjagin-Thom map for toral G. 



1. Introduction 

Geometric equivariant bordism theory was introduced by Conner and 
Floyd |7| as an important tool for studying groups of transformations on 
smooth manifolds. Later, the homotopy theoretic analogue was described 
by tom Dieck [8| and in a slightly different way by Brocker and Hook 
C I in order to develop a conceptual approach to the localization theorem 
of Atiyah-Segal LU and to study equivariant characteristic numbers of G- 
manifolds |l9l[T0l|. The homotopy theoretic definition turned out to be the 
correct description of equivariant bordism in the context of equivariant sta- 
ble homotopy theory, because it is stable under suspensions with arbitrary 
G-representations. It has gained recent interest in the context of general 
completion theorems 1 13 1 analogous to the Atiyah-Segal completion theo- 
rem in equivariant /^-theory and in connection with the study of equivariant 
formal group laws 0113. 

The coefficients of equivariant bordism theories are difficult to calculate 
and only partial results are known. Generators for the geometric equivariant 
bordism rings have been found in [ 16| for G = and in 1031 for G = I^/p. 
The semifree geometric S^-bordism ring is calculated in (TT\. In fTTl, the 
homotopy theoretic Z/p-bordism ring is described in terms of a pull back 
square involving localization with respect to nontrivial Euler classes. The 
paper ||2T1 investigates generators and relations in the homotopy theoretic 
5'^-bordism ring. 

Let G be a compact Lie group. We denote by fif the geometric unitary 
G-bordism ring and by MU^ the homotopy theoretic unitary G-bordism 
ring (for definitions see Section El below). Both theories are regarded as 
graded over the integers. 
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Similar to the nonequivariant case there is a Pontrjagin-Thom map 

^ : fi^ Mf/f . 

However, the proof of \1/ being an isomorphism fails if G 7^ {e} due to the 
lack of generic equivariant transversality [20|. 

If G = Z/p is of prime order, tom Dieck [81 showed that \1/ is injective. 
This result was generalized by Loffler lfT9l and Comezana B to the case 
that G is a compact abelian Lie group. It is not known, if \E' is injective in 
general. 

On the other hand, if G is nontrivial, then MU^ contains nonzero ele- 
ments in negative degrees: Each complex G-representation W gives rise to 
an Euler class 

ew e MU%\w\ 

which is zero if and only if W'^ 7^ 0. Here and in the following \ W\ denotes 
the complex dimension of a complex G-representation W . In particular, ^ 
is not surjective, if G 7^ {e}, since the geometrically defined theory is 
concentrated in nonnegative degrees. 

Our paper contributes to the understanding of the relation between geo- 
metric and homotopy theoretic equivariant bordism if G is a torus of the 
form S*^ X . . . X 5*^ On the one hand it complements the classical work of 
tom Dieck, Loffler and others. On the other hand it should provide some 
useful information in connection with the present interest in equivariant sta- 
ble homotopy theory. 

In the recent paper lE^ the image of ^! is described for semifree S^- 
bordism and Z/p-bordism. Conjecture 4.1. in loc. cit. gives a conjectural 
description of im(^) for G = . 

For toral G, in Theorem[l]we show the existence of a pull back square 

> MU,[ey\Yy^,] 

incl. 

MU^ > MU4ev,ey\Yv,d]. 

It refines |8|, Proposition 4.1, and generalizes fT2}\, Corollary 2.11. In par- 
ticular, it confirms the aforementioned conjecture. The horizontal maps in 
this diagram capture the normal data around fixed point sets of elements 
in f2f and MUf. These normal data are expressed in terms of polynomi- 
als with M?7* -coefficients in Euler classes ey of irreducible complex G- 
representations {V running through a complete set of isomorphism classes 
of nontrivial irreducible complex G-representations), their formal inverses 
and in certain classes Yy^, 2 < < 00, of degree 2d. We can think of Cy^ 
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as being geometrically represented by the G-bundle 

V ^* 

and - more generally - of the classes Yy^d as being represented by the G- 
bundles 

E®V ^ CP'^-^ 

where E CP'^^^ is the hyperplane line bundle (i.e. the normal bundle of 

CP'^-^ in CP'^). 

The horizontal maps in the above diagram are injective (assuming that 
G is a torus) and we can conclude that the Pontrjagin-Thom map induces a 
ring isomorphism 

n^ = MU^nMU4ey\Yv,d], 

this intersection taking place in MU^ [ey , Cy ^ , Yy^d] ■ In particular, the realiz- 
ability of an element in MU^ as an actual G-manifold is expressed in terms 
of a representation theoretic condition on the normal data around the fixed 
point set. This should be contrasted with the usual failure of G-equivariant 
transversality as discussed in lEUI : In general G-equivariant transversality is 
obstructed not only by local invariants expressible in terms of Euler classes, 
but also by global ones, see Theorem 1 in loc. cit. In the context of equi- 
variant bordism however, the vanishing of the local obstructions turns out to 
be sufficient for equivariant transversality within the equivariant homotopy 
class of a given stable map ^(Cn ) with respect to the zero section of 

T(^^). Here, T(^^) denotes a certain equivariant Thom space (see below) 
and is the one point compactification U {00} with base point 00. 

If G is not a torus and not of prime order, geometric realizability can not 
be read off from normal data around the fixed point set. We will illustrate 
this by easy examples. 

In the case of toral G, we refine the description of geometric G-bordism 
using the fact that the image of the fixed point map 

MU^ -^MU4ev,ey\YvA 

is characterized by integrality conditions |I51| . Details will be given below. 

The methods used in the proof of Theorem [T] are mainly classical, based 
on considering bordism with respect to families of subgroups and equivari- 
ant characteristic numbers. 

2. Review^ of equivariant bordism 

We briefly recall the definitions and constructions that are necessary in 
order to formulate our results. If not stated otherwise, G denotes a compact 
Lie group. 
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Definition 1. Let M be a closed smooth G-manifold. We define a stable 
almost complex G-structure on M to be a complex G-structure on 

TM © 1^= ^ M 

for some k. Here, the trivial bundle 

M'^ = M X R'^ ^ M 

is equipped with the trivial G-action on the fibres M.^ and by a complex 
G-structure, we mean a G-equivariant bundle map 

J : TM © ^ TM © R'' 

over M which satisfies = —1. Two stable almost complex G-structures 
are identified, if after stabilization with further C-summands (equipped with 
trivial G-actions on the fibres), the induced complex G-structures are G- 
homotopic through complex G-structures. 

Note that with this definition, the (unstabilized) normal bundle of the G- 
embedding 

C M 

of the fixed point set has an induced structure of a complex G-bundle. This 
property is fundamental for many calculations in geometric equivariant bor- 
dism theory. 

We spelt out Definition [T] in order to avoid possible confusion with other 
variants of stable almost complex G-structures. For example, [6| con- 
tains the notion of a normally almost complex G-structure on a smooth 
G-manifold M, being defined as a complex G-bundle structure on the sta- 
ble normal bundle of the embedding of M in some real G-representation, 
see Definition 2.1 in loc. cit. The following example illustrates the differ- 
ence between this notion and ours. 

Let S"^ be equipped with the antipodal Z/2-action. Consider the Z/2- 
embedding 

C 

where Z/2 acts on by multiplication with — L The equivariant normal 
bundle of this embedding is 

with the trivial action on M. Hence, S"^ is a normally almost complex 
Z/2-manifold in the sense of the above definition, although the quotient 
S"^ / (Z/2) is not even orientable. It is easy to check that S"^ equipped with 
this Z/2-action does not admit a stable almost complex Z/2-structure in the 
sense of Definition [TJ Furthermore, we remark that for a free stable almost 
complex G-manifold M, the quotient M / G always has an induced stable 
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almost complex structure. From now on, we will exclusively work with 
Definition [H 

For a G-space X, we define the geometric unitary G-equivariant bordism 
groups of X, denoted Q!^{X), in the usual way as G-bordism classes of 
singular stable almost complex G-manifolds M" X. The coefficients 

:= l]f (pt.) 

of this theory are equipped with a ring structure induced by the diagonal 
G-action on the cartesian product of two G-manifolds. 

We recall the definition of homotopy theoretic unitary G-bordism intro- 
duced in ISJ. Modem expositions of equivariant stable homotopy theory 
and i?0(G) -graded homology theories can be found in [(3[I3'T5'l. For the 
sake of brevity, we restrict ourselves to an ad hoc definition of the relevant 
structures. Let 

be the universal unitary ra-dimensional Grassmannian G-bundle and T{^^) 
its Thom space regarded as a pointed G-space. 
Let X be a pointed G-CW complex. By definition, 

Mf/^„(X) := lim [5^,T(e[^|_J A Xf 

>iy 

where [— , —]'^ is the group of homotopy classes of pointed G-equivariant 
maps and where the colimit is with respect to a directed set of unitary G- 
representations which ultimately contains each irreducible with arbitrary 
multiplicity. Recall ([ 12|, Lemma (II.6.1)) that the suspension maps in the 
induced directed system of homotopy groups are uniquely determined, be- 
cause we are using complex representations. Furthermore, we set 

M[/LiW ■.= Mut{s'^x) 

where (with basepoint 1) carries the trivial G-action. Again, the coeffi- 
cients 

Mf/f := iWI/f (5°) 

carry a canonical ring structure. 
The Pontrjagin-Thom map 

is defined as follows: Let a stable almost complex G-manifold M represent 
a bordism class in We embed M in a unitary G-representation W , 
and let u be the normal bundle of this embedding. If W is chosen large 
enough, the bundle u carries an induced structure of a unitary G-bundle and 
we construct a map 
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from the universal bundle map v ^|^| by collapsing the complement of 
the disk bundle D{y) to the base point in T(^|j^|). We explain in some detail 
how the required unitary G-bundle structure on z/ is obtained. Let 

be a G-embedding into a unitary G-representation V with (real) normal G- 
bundle yU. We have fixed the structure of a unitary G-bundle on 

TM © M^fc 

for some k (recall that we assume dim M to be even). Let be (the stably 
unique) complementary unitary G-bundle, i.e. 

(TM © 1^^) ®N = M^U 

with a certain unitary G-representation U . The bundle ;U © f/ is the normal 
bundle of the embedding 

M ^ 1/ X [/, x t-^ (i(a;),0) 

and has an induced unitary G-structure, because 

If M is odd-dimensional, we obtain a map 

^^^s^ Ar(e^i) 

because v has a direct sum decomposition = R © z/ with a unitary G- 
bundle v (after choosing ty large enough). 

The Pontrjagin-Thom map is a map of graded Mf/^, -algebras. We cite 

Proposition 1 (|6|, Theorem 5.4). For a compact ahelian Lie group G, the 
Pontrjagin-Thom map is a split monomorphism of MU^-modules. 

A quick proof of the injectivity of \l/ for the case G = S*^ x . . . x S*^ can 
be given, if one uses the fact (see JTOll, Theorem 3) that for topologically 
cyclic G, the characteristic number map 

which factors through the Pontrjagin-Thom map, is injective. 
Let be a complex G-representation of dimension n and let 

w > e 



* > BU{n,G) 

be the universal bundle map. The induced map C ^(^n ) repre- 

sents the Euler class 

ew e MU%^ 
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which is zero if and only if W contains a trivial G-representation as a direct 
summand. In particular, for nontrivial G, the Pontrjagin-Thom map is not 
surjective, since the geometric theory is concentrated in nonnegative 
degrees. 

For dealing with the different G-representations we need a certain amount 
of bookkeeping device. We follow the exposition in lISJ. Let J be a set con- 
taining exactly one representative of each isomorphism class of nontrivial 
irreducible complex G-representations. We define the graded ring 

A^G) := Z[ZJ] 

where ZJ is the free abelian group generated by J. We consider ZJ as a 
subgroup of the abelian group underlying the complex representation ring 
R{G). The grading of A^.{G) is induced by the real dimension of the un- 
derlying (virtual) G-representations. There is an isomorphism of graded 
rings 

A,{G) = Z[ev,ey^], 

where V runs over elements in J and each ey has degree — 2|l^|. This 
isomorphism is induced by the map 

ZJ3 J^^^y^ ^H^v"'' ■ 

Elements in the ring A^ (G) will be used in order to describe the (virtual) 
G-representations occuring around the fixed set of a given element in MUf. 
Fix a basepoint I'm BU and let 

B C BU^ 

be the subset consisting of J-indexed families in BU of which only finitely 
many components are different from the base point. Whitney sum of vector 
bundles induces an iJ- space structure 

m:BU X BU ^ BU. 

We can assume that m(l, 1) = 1. With the componentwise multiplication, 
we get an iJ- space structure on B. The space B is the classifying space for 
unitary G-bundles over base spaces X with trivial G-action and with G act- 
ing without fixed points in each fibre. More precisely, the V-th component 
of a map 

X ^ B 

classifies the l^-isotypical component Ey of a given such G-bundle 

^Ev®V ^ X . 

V&J 
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In IHl, p. 350, torn Dieck constructs a map of graded Mt/^.-algebras 

:= <p : Aff/f ^ MU,{B) ® A,{G) . 

Heuristically, this map is given by restriction to fixed point sets. This be- 
comes especially clear in the slightly different description of the map cp in 
lEU, which we now briefly recall (for a more detailed exposition, see 112111 ): 
Let 

represent an element c G MU!^{\w\-ny Consider the restriction 
of / to fixed point sets. This map represents an element in 

where cp'^MU'^ is the geometric fixed points spectrum associated with the 
equivariant unitary bordism spectrum MU'^ . We have an equivalence of 
ring spectra 

(P^MU^ ~ A MU A B+ 
where MU is the usual unitary bordism spectrum and 

WeR{G), \w\=o 

is the one point union of suspended sphere spectra equipped with a ring 
spectrum structure induced by addition of elements in R{G), cf. Theorem 
4.9. in |21 1. We consider the stable homotopy of Ir^g) A MU A as a 
collection of suspended copies of M[/* (B) and hence get an isomorphism 
of graded rings 

u : (Ih(g) AMU a B+), = MU,{B) ® A^G) . 

It is induced by identifying the summand of MU^, (B) indexed by W E 
R{G) with 

MU,{B) ® (e(c;G)x ■ {e-^G)±)) C MU,{B) ® A,{G) . 

Here, we write W = U — V with unitary G-representations U and V and 
use splittings U = U^ ® (U'^)-^ andV = ® (V^)^. Finally, we set 

0(c) ■.=u:{[n). 

For elements in MUf of odd degree, the definition of (j) is similar. Note the 
tautological equation 

4>Mu{ev) = ey 
for each nontrivial irreducible G-representation V. 
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The Kiinneth formula shows that for each finite subset J' c J, we have 

MU,{ JJ 5f/) = (g) MU,{BU) . 
veJ' veJ' 

where the tensor product is over MU^,. By a standard application of the 
Atiyah-Hirzebruch spectral sequence, 

MU,{BU) = MU,[Xi,X2,X3, . . .] 

is a polynomial algebra over MU^ in infinitely many indeterminates of 
degree 2d, 1 < d < oo, see lfT4ll . We can and will choose the polynomial 
generators Xd as being represented by 

Cpd — , BU 

classifying the hyperplane line bundle over CP'^. Altogether (using that 
MU^ commutes with direct limits), we get an isomorphism of graded MU^- 
algebras 

MU,{B) ® A,{G) = MU^ev, ey\ Yv,d] 

where V runs over the nontrivial irreducible G-representations and Yy^, 
\V\ + 1 < d < oc, is the image of the element 

Xd^ivi ® cy' e MU2d-2\v\{BU) ® A2\v\{G) 

under the inclusion map BU B which embeds BU as the Vih. factor. 
If we had defined Xq as the unit in MUq{BU), the corresponding element 
Yy ivi would be equal to Cy^. 

Heuristically, for a geometric class [M] E fif , the element 

(j)MU o ^{[M]) e MU,[ev, ey\ Yv,d] 

describes the stable normal bundle of M restricted to M"^. In particular, for 
each one-dimensional nontrivial irreducible complex G-representation V, 
we have 

io^j^uo ^([P(C'^ © V^)]) = Yv,d + , 

where V* is the conjugate representation, P denotes the projectivization 
and 

I ■ MU,[ev, ey\ Yy^ MU^ey, ey\ Yv,d] 

is induced by the inverse of the iZ-space B (we identify MU^ (B) (G) 
and MU^:[ev, e^^, Yy^d] by the isomorphism constructed before). The map 
L interchanges the roles of the stable normal bundle of M restricted to 
and of the normal bundle of in M. Note that l o ^f^.f^(ev) = ey for all 
V. The above equation can be checked by inspecting the normal bundle of 
P(C'^ © V)^ in P(C'^ © V), cf. Prop. 4.14. in J^U (in this reference, the 
map i is mistakenly left out). 



10 BERNHARD HANKE 

We now discuss the geometric analogue of the map (pMu and define a 
map of M?7^, -algebras 

4>n : n': ^ MU,{B) ® A,{G) 

in the following way: Let Af" be a stable almost complex G-manifold and 
let 

F C 

be a connected component of the fixed point set. The normal bundle i^{F) 
of F in M is a complex G-bundle in a canonical way. Let k be its complex 
dimension. Write 

u{F) = (El ® VI) © ... © (Ej © Vj) 
with complex vector bundles 

El,..., Ej 
and irreducible G-representations 

Vi,...,Vj. 

Now define 

bp := If © (e-j^'^l • . . . • e'f G MU^.^kiB) © A^kiG) 

where bp E MUn-2k{B) is represented by the map 

F 

with the Vi-th component classifying the bundle Ei. Finally, we set 

M[M]):= Yl bFe{MUiB)(^A{G))n. 

FcM^ 

The following result of tom Dieck shows that the geometric and homotopy 
theoretic fixed point maps are compatible with respect to the Pontrjagin- 
Thom map. 

Proposition 2 (lIHl, Proposition 4.1). The following diagram is commuta- 
tive. 

QG MU,[ev,ey\Yv,,] 

id 

Mf/f MU4ey,ey\Yy,,] 



geometric versus homotopy theoretic equivariant bordism 1 1 

3. Geometric realizability 

Definition 2. We define the geometric cone in M?7=K[ey, e^^, J as the 
Mt/^-subalgebra 

r, := MU,[ey\YvA- 
The following proposition justifies this name. 
Propositions. c F*. 

Proof. Due to the definition of the polynomial generators Yv,d, the proof is 
nontrivial. Let M be a stable almost complex G-manifold and let 

F C 

be a fixed point component with normal bundle z/(F) of complex dimension 
k. As above, we write 

u{F) = (El ® VI) © ... © {Ej © Vj) . 

We show that the element 

hp e MUn^2k{B) © Z C MUn-2k{B) © A2k{G) = MU.[ev, ey\ YvA 

is a polynomial in ey. of degree at most \Ei\ for all G {Vi, . . . ,Vj}. This 
in turn implies that 

hp := hp © (e^""^! • . . . • ey]'"') G MUn-2k{B) © A2fc(G) 

is indeed an element of MU^ [e^^^, IV J. 

The bordism class hp can be regarded as being represented by a map 

F^BU{\Ei\) X ... X 5f/(|Ej-|). 

Each element in MU^,{BU{\Ei\)), I < i < j, can be written as a sum 
of monomials in the X^'s each of which contains at most \Ei\ factors of 
the form X^, see e.g. [14|, Proposition 4.3.3 a). This implies that under 
the change of variables sending to Y^.d+iVii ® ^Vi> each such element is 
expressible as a polynomial in Mf/^, [ey , IVi,^] of degree at most | | in ey. . 
Hence, using the Kiinneth formula for computing 

MU,(^BUi\Ei\) X ... X BUi\Ej\)^ , 

the element bp is indeed of the required form. This finishes the proof of 
Proposition|3l □ 
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Theorem 1. Let G = x . . . x S^. Then the commutative diagram of 
MU^:-algebras 

incl. 

Mf/f MU.[ev,ey\Yv,,] 
induced by the commutative fixed point square of tom Dieck ( see Proposi- 
tion^ is a pull hack square. All maps in this diagram are injective. 

For G a torus, the map (pMU is injective by [|2T1| . Proposition 4.5 and 
Corollary 5.2. Thus (together with Proposition [T]) only the pull back prop- 
erty requires proof. 

The last theorem implies the following relation of geometric and homo- 
topy theoretic equivariant bordism. 

Corollary 1. Let G be a torus. Then the Pontrjagin-Thom map induces an 
isomorphism of MU ^-algebras 

Hence, the coefficients of the geometric equivariant (5^) ''-bordism ring 
constitute a certain subring of MU^ [ey , Cy^, Yy^] whose elements are char- 
acterized by the following two conditions: Firstly, they must lie in the image 
of t o (pMU- Heuristically, the local fixed point data specified by an element 
in MU^:[ev,ey^,Yv^d] can be "closed up" (without introducing new fixed 
points) such as to define an actual class in MU^ . This property can be 
formalized using bordism with respect to families of subgroups of G (see 
below). Secondly, they must lie in the geometric cone. 

The first of these two conditions has been extensively studied by tom 
Dieck llH nil in terms of integrality conditions related to the localization 
techniques of Atiyah-Segal. We will come back to this description in Sec- 
tion 13 

We now turn to the proof of Theorem[T] Recall that a family of subgroups 
JF of a topological group G is a set of closed subgroups of G which is closed 
under conjugation and under taking subgroups. Such a family is supposed 
to encode the possible isotropy groups occuring in a given G-space. We 
define special families of subgroups of G: 

A := {H<G}, 

V := {H<G\H^G}. 

From now on, we assume that G is a compact Lie group. For each family 
of subgroups JF, there exists a classifying space [12|, 1.(6.6), which is 
a terminal object in the homotopy category of jF-numerable G-spaces. The 
space EJ^ is characterized by the properties 
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- ET" ~ *, if i7 e , 

- ET^ = 0,ifiJ ^ J^. 

(using nonequivariant homotopy equivalences). Furthermore, it is unique 
up to G-homotopy equivalence. For a G-space X and a pair of families of 
subgroups (JF, JF') (i.e. JF' c JF), we set 

n^[j^,r]{x) := n^{xxEj^,xxEr), 

MU^[J^, J^'](X) := MU^{X xEJ^,Xx EJ^') . 

cf. 1^, p. 339. The groups JF'](X) consist of G-bordism classes 

of stable almost complex G-manifolds (M", dM) with boundary and with 
reference maps to X such that all isotropy groups occuring in M (resp. in 
dM) lie in JF (resp. in JF'). The long exact sequence of the pair 

{X X ET, X X EJ=') 

is the Conner-Floyd exact sequence 

The proof of Theorem[T]is based on studying the commutative diagram with 
exact rows 

... > > ^^[A,V] > QtilV] 



IV] 

... > MU^ > MU^[A,V] > MU^_^[V] > ... 

whose vertical arrows are Pontrjagin-Thom maps. We know from |l6|, The- 
orem 5.4, that is injective. In a first step, we will identify the terms 
occuring in the second column by showing the existence of a commutative 
diagram 



IA,V] 



incl. 



MU^[A,V] MU,[ev,ey\Yv,a] 
such that the compositions of the horizontal maps with the canonical maps 

^ Q^[A, V] , MU^ MU^[A, V] 

coincide with the fixed point maps (pn and l o (p^u- This will be done in 
Proposition|4| In a second step we show in Proposition|5]that the map ^[p] is 
injective. For this, we use equivariant characteristic numbers as introduced 
by tom Dieck [£, JOJ. From these facts together with the injectivity of ^[^] 
and the injectivity of the fixed point map l o (pMU^ the assertion of Theorem 
[HfoUows by an easy diagram chase. 
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Proposition 4. Let G be a compact Lie group. Then there are ring isomor- 
phisms 

and 

i^Mu ■■ MU^[A,r] ^ MU.[ev,ey\Yv,d] 
such that the diagram 



incl. 



is commutative and the compositions 
and 

MUf ^ MU^[AV] ^ MUnev.ey\Yy,,] 
coincide with the fixed point maps 0n and (j)MU, respectively. 

Proof. We construct a map 

«n : ^^[A, T'] ^ r, C MU,{B) ® A,{G) 

as follows. The group ^^^[.4, V\ is generated by elements represented by 
(disc bundles of) unitary G-bundles 

where M is a stable almost complex manifold of dimension n — 2k with 
trivial G-action, E has complex fibre dimension k and E^ — M. We define 
the image of [E M] under in exactly the same way as we defined 
the geometric fixed point map 0n above. The proof of the fact that we get 
indeed an element in is similar as before. An inverse of kq, is constructed 
as follows. Let be a nontrivial irreducible unitary G-representation. We 
map Yy^d to the disc bundle of the G-bundle 

E®V ^ CP'^-\^\ 

where E — > CP*^"'^' is the hyperplane line bundle. The element ty^ is 
mapped to the disc bundle of the trivial G-bundle 

V 

Now is determined by the fact that it is a map of MC/* -algebras. 
On the homotopy theoretic side, the construction is as follows. The map 

KMu ■■ MUf[A,V] ^ MU,[ev,ey\Yv4] 
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is defined as the composition 

MU^[A,V] ^ Mu'^{J:EV) ^ (0^Mf/^), ^ MU,[ev,ey\Yv,d] ■ 

In this sequence, the first isomorphism is induced by the excisive inclusion 
of G- spaces 

(EA, EV) - {C.EV, EV) (SEP, C^EV) , 

where C_ and C+ denote the lower and upper cone in the unreduced sus- 
pension 

EEP = ([0,1] X EV)/ ~ 

which we consider as being equipped with the basepoint [{1} x EV] and as 
containing EV as the subspace {1/2} x EV. The second isomorphism is 
induced by Lemma 4.2. in [|2T]| with Z := T.EV and the third isomorphism 
is Theorem 4.10. in loc. cit. 

The commutativity of the diagram in PropositionlUis proven in a similar 
fashion as in the case of tom Dieck's fixed point square (cf. Proposition|2l). 
We omit the details. The remaining assertions are immediate. □ 

We now deal with the second step of the proof of Theorem [T] and show 
the following variant of B, Theorem 5.4. 

Proposition 5. Let G be topologically cyclic group, i.e. G is of the form 
X . . . X X Z/k, k = 1,2, . . .. Then the Pontrjagin-Thom map 

m^v\:^^[V]^MU^[V] 

is injective for all n. 

Proof. If G = S^, the assertion is implied by fG^, Theorem 7.1.(3) with the 
choice G := {e}. The general case can conveniently be dealt with using 
equivariant characteristic numbers [2.. Ji)|- It follows from ifTDIl. Theorem 
3, that for topologically cyclic G and a unitary G-representation W, the 
characteristic number map 

nfiSW)-^K^*{SW)[[aua2,...]] 

is injective. Here, SW denotes the unit sphere in W. But this map factors 
through the Pontrjagin-Thom map 

n':{sw) Mu^{sw). 

Now observe that 

EV = Hm SW 

— >w 
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where the colimit is taken with respect to a directed set of complex G- 
modules without trivial direct summands and so that ultimately each non- 
trivial irreducible appears with arbitrarily large multiplicity in some G- 
module W. Finally, the claim of Proposition |5] follows because homology 
commutes with direct limits: 

— 

MUf{EV) = limfif(W). 

— >w 

□ 

We remark that Proposition |5] holds for any compact abelian Lie group 
G and with V replaced by any family of subgroups of G. The proof of 
this general statement can be carried out using similar ideas as in |l6| and is 
based on a systematic use of the Conner-Floyd exact sequences for bordism 
with respect to families of subgroups. However, it is considerably more 
tedious than the proof presented above for topologically cyclic G. Since 
only this case is of importance for us, we decided not to include the more 
general case in this paper. 

4. The case of nonconnected G 

There are simple examples showing that if G is not connected and not of 
prime order, then the geometric realizability of an element in MUf is not 
determined by the normal data around fixed point sets. Let n be a natural 
number, G = Z/n x Z,/n and let 

f -.Z/n^ BU{1,G) 

classify the bundle 

Z/n xV ^ Z/n 

where V is the canonical complex 1 -dimensional representation of Z/n, the 
space Z/nxV carries the product (Z/nx Z/n) -action and the bundle map 
is simply projection onto the first factor. The map 

Z/n X S° C Z/n x ^ T{^^) 

induced by / represents an element c E MU% which is different from 
zero, because its restriction to ({1} x Z/r2)-bordism is n times the Euler 
class ey G MU%" (this is known to be a nontorsion class). However, 

4>Mu{c) = . 

A similar example exists for G = Z/n^ with / : Z/n — > BU{1, G) classi- 
fying the bundle 

Z/n xW ^ Z/n 
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where W is the canonical one dimensional Z/n^ -representation and G acts 
on the Z/n- factors via the projection G ^ Z/n with kernel Z/n. The re- 
striction of the corresponding bordism class to Z/n-bordism (where Z/n C 
G is of index n), is again given as n times the Euler class ey G MU%^^. 

One reason of the failure of Theorem [T] for arbitrary compact abelian G 
is the fact that the fixed point map 

(j)MU ■■ MU^ ^ Mf/,[ev, ey\ Yy^ 

is injective if and only if G is a torus, see ||2T1 . Theorem 5.1. It seems 
plausible that for geometric realizability of an element in MU^ for general 
G, a series of obstructions must vanish each one of which lies in some group 

with an adjacent pair of families (JF, JF') and each one of which is only 
defined if the previous one vanishes. However, we do not know a concise 
statement in this direction. 

5. Integrality 
We will study the image of the map 

MU^ MU^[A,V] - MU4ev,ey\Yv,d] 

(which occurs in the lower line of the diagram in Theorem [l]) in the light of 
integrality conditions formulated by tom Dieck. We have a natural multi- 
plicative transformation 

r] : Mf/* (X) ^ MU*{EG Xg X) 

where X is an arbitrary G-CW complex. This map (called "bundling trans- 
formation" in the papers of tom Dieck) is induced by the projection 

EGxX ^X 

yielding a map 

MUaiX) MUa{EG x X) ^ MU*{EG xgX). 

For a complex G-representation W, let e{W) E MU'^(BG) denote the 
bordism theoretic Euler class of the complex vector bundle 

EG XgW ^ BG . 

It follows directly from the definition of r] that 

view) = e{W) . 

Here, we regard ew as an element in MUq^^ = MU^2\w\- Recall that 
there is an isomorphism 

MU*{B{S^Y) = MU*[[Gi,...,Cr]] 
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where Ci E MU'^(B(S^Y) is the Euler class of the (S'^)''-representation pi 
which is induced from the standard one-dimensional S*^ -representation by 
projecting {S^Y onto the ith factor. If 

V = pf^' ® . . . ® pf''^ , 

then 

e{V) = [pi]fCi +f ...+f [fJ^ApCr 
with Lazard's universal formal group law +ir in MU*[[Ci, . . . , Cr]]. 

Let S C MUq = MU'^^ denote the multiplicative subset of Euler classes 
of G-representations without trivial direct summand. We denote the corre- 
sponding subset of MU* (BG) by S as well and obtain an induced map 

S-^T] : MU^[A,r] = S-^MU^ ^ S-^MU-*{BG) 

compatible with i] in the obvious way. The following result of tom Dieck 
lfT(l characterizes the image of 

We will regard S^^t] as being defined on M?7*[ey, ey\ YvA by identifying 
this module with MU^[A, V] using the isomorphism l o kmu- 

Proposition 6 ( ifTOll '). Let G be a topologically cyclic group and let 

X : MU*{BG) S-^MU*{BG) 
be the localization map. Then 

im{io^Mu) = {xe MU,[ev,ey\Yv,d] \ S-^r]{x) E \{MU-\BG))} 

For G = 5^ X ... X 5^ the localization map A is injective, because 
MU* {BG) has no zero divisors. Therefore, MU* [[Ci , . . . , C^]] can be con- 
sidered as a subring of its S-localization. In combination with Theorem [l] 
and by the fact that for toral G the map r] is injective (because the character- 
istic number map factors through rf), we now get the following description 
of the geometric unitary G-bordism ring. 

Theorem 2. Let G = (S^y. Let 

incl. : MU4ey\Yv,d] MU,[ev, ey\Yv,d] 

be the canonical inclusion. As before, we identify MUn and MU~^. Then 
the diagram 



^ MU-*[ey\YyA 



{S -'-r;)otoincl. 



MU-*[[C^,...,Gr]] S-'MU-*[[G,,...,Gr]] 
is a pull back square of MU ^-algebras. 
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